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f'f^ ' It happens that and are equal with 0.1% accuracy, though they are split by radiative 

^ ' corrections and a natural estimate for their diff'erence is 1%. This degeneracy occurs 

^>f^ I only for mt value close to 170 GeV, so no deep physical reason can be attributed to 

QQ , it. However, another puzzle of the Standard Model, the degeneracy of s^g and s^, is 

. not independent of the previous one since a good physical reason exists for s^g and 

' degeneracy. We present explicit formulas which relate these three angles. 
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Nowadays, when almost all LEP I data are analyzed and published, one can finally 
tell that the Standard Model is absolutely adequate to the experimental data. The 
(~| , quality of fit of LEP I, SLC and other precision data is characterized by the value of 

X^/d.o.f = 14.4/14EI, which cannot be better. What can be extracted from precision 
measurements for the future in addition to-the bounds on the Higgs boson mass 
iriH (which unfortunately are rather weakld'EI)? As everybody knows, it is the value 
' of = sin 9z which is used to study gauge couplings unification in the framework 

of GUT models. The corresponding angle is calculated in the modified minimal 
subtraction scheme (MS), with fi = mz- From 13 one can see that this quantity 
appears to be numerically very close to the phcnomenological parameter = sin^ 9, 
which is defined by the best measured quantities Gf, rnz and a = a{mz)'. 

2 2 2 /i • 2 /i '^'^ /I \ 

cs =cos e^sm 6*=^=- 5", (1) 

= 0.2311(2), (2) 

and which was used to describe electroweak precision data in a natural way (for 
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review and references see@). This should be compared with i;* 

s| = c{mt,mH)s^ = 1.002(1) • = 0.2316(2). (3) 

The aim of the present paper is to present a formula which provides the relation 
between and = sit? 9. Analyzing it we will see that this numerical coincidence 
occurs only for the top quark mass rrit close to 170 GeV, so it is really a coincidence 
without any physical explanation. At this point it is useful to remind that there 
is one more coincidence in the Standard Model: s^g = sin^ Ocg, which describes 
asymmetries in Z boson decays, happens to be very close to s^. And also this occurs 
only for rrit close to 170 GeV. However, writing the expression for P through s'^g 
we will see that these two angles are naturally close, and their coincidence does not 
depend on the top mass and has a straightforward physical explanation. In this 
way we will see that, instead of two accidental coincidences between three mixing 
angles, we have only one. 

2. P versus 

To get necessary formulas we should start from the expression for the MS quantity 
s^. By definition, 

c = ^ 
+ = 1, 

where go and are W and Z boson bare coupling constants defined in MS renor- 
malization scheme with fi — mz- The simplest way to get the expression for in 
terms of and the combination of polarization operators is to follow the procedure 
discussed in eI. That is, to write the expressions for Gp, mz and a through bare 
parameters plus radiative corrections and to solve them for bare charges through 
coa^, sinO and radiative corrections. At a certain stage, angle was introduced 
in eI (co = cos 6^0 = ffo/ffo = ™ivo/™zo)i and the following expression for its cosine 
was obtained: 

Co = c - ^^J'"^^,^ (2^n^z(o) + n^(™|) - nz(m|) + UwiO) + , (6) 

where D comes from the box and vertex radiative corrections to muon decay, and 
Hi are the polarization operators. This angle Oq will coincide with 9 \i D and 11^ 
are calculated in MS framework with ^ = mz- From (j^) we easily get: 

2 2 

= + (2^n^2(0) + ^-,i.rr?z) - fiziml) + flw{0) + d) , (7) 

where the quantities with a hat are calculated in MS. Since the last equation is 
central for the present paper, let us give a different derivation of it. We start from 

♦According to the 1998 edition of RPP, S = 1.0003(7), and s| = 0.23124(24). 
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the formulas for the vector boson masses which take place in MS renormalization 
scheme: 



9oVo 



(8) 
(9) 



where Sj(q^) = IL,iq'^)mf. From eqs. (|), (|), (|) and (|) we get (see also i): 



-2 

9o 



= 1 - 



(10) 



where in the last expression we have substituted {mw /mz)'^ with in the factor 
which multiplies 11^, which is correct at one-loop level. Now for the ratio mw/inz in 
the last expression in ( p^ we should use a formula which takes radiative corrections 
into account. We follow a general approach to the electroweak radiative corrections 
presented partly in so we use eq. (38) from that paper: 



[nz{m%)^nwiml^)] 



Tlwiml^,) - UwiO) - n^(m|) - 2-n^z(0) - D 



(11) 



Since both mw/mz and c are finite, the expression for the radiative corrections is 
finite as well and we can use MS quantities in it: 



TOT 



Uzim^z) - nM/(m^) 



Tlw{mi^) - TlwiO) - n^(m^) - 2-n^z(0) - D 



(12) 



Substituting the last equation in (p^), we obtain: 

2 2 

= + (2^67^(0) + n7(™l) - nz(m|) + fiwio) + d) , (13) 

which coincides with eq. (^ . In figure ^ we show the s'^ — dependence on niH 
and TOi.tlt is clear that is close to only for toj around 170 GeV, so one cannot 
find any physical reason for the closeness of these two angles. The fact that — 
rapidly varies with rrit can be figured out from the large TOj approximation: 

2 
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S — S \ 
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mt->mz 167r(c2 - s2) \toz 



TOt 



(14) 



tin order_tQ take Mto account top and W boson contributions to a, we used s^ + 0.00015 instead 
of s2 in ^ (see 0). 
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At this point we state that the numerical closeness of and is a mere coincidence 
without any deep physical reason. However, the reason exists for the closeness of 
6 and another electroweak mixing angle, Oca- On the other hand, (?cff appeared to 
be numerically close to 9 and this solves the puzzle (according to the last data fit, 
sin^^l^^P* = 0.2315(2)). 



0.002 



0.001 



-0.001 



Top Mass = 1 65 GeV 
Top Mass = 1 70 GeV 
Top Mass = 1 75 GeV 



-0.002 



50 



1 00 1 50 200 

Higgs Mass (GeV) 



250 



300 



0.002 



0.001 



-0.001 



-0.002 



90 



Higgs Mass = 100 GeV 
Higgs Mass = 300 GeV 



120 150 

Top Mass (GeV) 



180 



210 



Figure 1: — as a function of the Higgs mass mn and of the top mass mt- 
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3. versus s^a 



The quantity Scs describes the asymmetries in Z boson decay; s^^^^ , and s^g 
refers to decays into pairs of leptons,_Lip-quarks and down-quarks, respectively. Let 
us discuss sjj'g*. Using eq. (73) from B, we easily obtain: 



„down 



= ^' + cs [F^'' - (1 - 4.2) + csU,z{ml) 



n^(m|) - nz(m|) + UwiO) + 2-n^z(0) + D 



(15) 



where F^'^ and Fy"^ describe the radiative corrections to Zee axial and vector 
vertices. 

Since both s^jj and are finite, equahty (^5|) will be correct if all radiative correc- 
tions are calculated in MS scheme as well. Comparing equations (0) and ( |l5|) we 
get (see also 13) : 



^eff 



CS 



f?Ze 



(1 - As') F^ 



csfljz{m%). 



(16) 



The form of the last equation can be foreseen without any calculation. The point 
is that both 6 and O^g are defined by the ratio of bare gauge coupling constants; 
the difference between them arises since dcS describes Z e+e" decays and in this 

transition 

2 



6|) these additional terms are subtracted from sj,g'* in order 



case the additional vertex radiative corrections as well as Z ^ 7 
contribute to ^eff- In 

to get s^. The vertex term in ( [l6|) is a mere number, while tl.yz depends on rrit 
only logarithmically due to the non-decoupling property of MS scheme (since a 
diagonal vector current is conserved, there is no term in H-yz, that is why Il~^z 
is numerically small). There is also no uih dependence in the difference — s'^g. 
From the Ii^z{^%) term we get the following expression for the logarithmically 
enhanced contribution for mt 3> mz'- 



1 



TT V6 9* 



In 



mz 



(17) 



Having all the necessary formulas in our disoDsal, we are ready to make numerical 
estimates. Using expressions (93), (94) from □ and formulas from Appendix G of 



we get: 



F^^ = 0.00197- 



^ 4 In ("l^V = 0.00133, 



\mz ) 



* y„ a c ( mw \ 

= 0.00186 -f ^In — == 0.00122, 

Stt s'' \ mz J 



(18) 
(19) 



where the logarithmic terms arise from the divergent parts of vertex functions after 
imposing MS renormalization conditions with /x = mz- Note that in numerical 
calculations we substituted c' for {mw /mz) ■ 
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To calculate fl^zi^nz) we use formulas from Appendices of paper eI, which take into 
account W'^W^ , light ferniions and {t, b) doublet contributions. For mt = 170 GeV 
we obtain: 



fl^ziml) = -0.00119. 
Substituting (|l8|), and @ into (|l|), wc finally obtain 

_ Icpt 



'2 _ Icpt^ 



0.00052 + 0.00050 = - 0.00002, 



(20) 



(21) 



where an accidental cancellation between vertex and II^^ contributions occurs (see 



down 



alsoB). This cancellation is peculiar to s^g and does not occur for s"^^ or s 

As a consequence, for s|fj^* and difference 2 loop contributions can be comparable 
or even larger than 1 loop. 

Now we will calculate the leading two loop corrections. They are of the order of 
aas and come from the insertion of a gluon into quark loops which contribute to 
tl^zim^)- There are two types of one-loop diagrams: with light quarks (u, d, c, s, b) 
and with heavy top (t). We extract necessary 2-loop formulas from the Kniehl 
paper 113. However, in that article all calculations were made with ultraviolet cutoff 
A. To concert to MS we compare these formulas with calculations of Djouadi and 
Gambino E3. In this way we find the following replacement rule: 



In 



^2 



A; 



55 
12 



4C(3) 



55 
12 



4C(3) 



-0.225, 



(22) 



where the last equality holds for /x = mz- 

For the case of light quarks contribution (u, d, c, s, b), we get: 



Chtn.z(mi) 



ctsimz) 



7 
12 



11 



55 
12 



4C(3) 



-0.00002, (23) 



where we use as{mz) — 0.12 for numerical estimate. For the contribution of the 
top quark we obtain: 



(5""=n^z("i|) 



as{mt) a 






■55 


IT TTCS 






12 



0.00004, 



-4C(3) -lni + 4tyi 



(24) 



where t = [mt/mz)'^ and 00: 
ds(mt) = 



as{mz) 



1 -f ■^as(mz)\nt 



0.11, 



Vi{x) 



4C(3) - ^ 



328 2 1796 „ 



(25) 
(26) 



C(3) = 1.2020569. 



(27) 
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Substituting (p|) and (|2|) into we find: 



s'^ = s^X' - 0.00002 - 0.00001, (28) 



where the first number corresponds to the corrections of order a shown in (]21|), 
while the second to corrections of the order aas- 

Since the leading ~ a correction cancel almost completely in one start to worry 
about significance of two loop corrections. Enhanced a^t correction in (|l6|) was 
calculated in E3, where it is stated that it is numerically negligible; corrections 
are not calculated yet. However, according to Il3 there exist enhanced two-loop a'^ir^ 
correction, which come from the interference of the imaginary parts of Tl-yz and 11^. 
Numerically it gives 0: 

6^,{§'-s[T')= -0-0000^- (29) 

Adding (|^) to (|2|) we finally get: 

f = 4<jP*^ - 0.00007. (30) 

It is instructive to compare the last formula with t he corresponding numbers in 
Tables 1 and 2 from as well as the last formula in E3. 

In figure ^ the dependence of — sjfg* on rrit is presented. One can easily see that, 
unlike the case of — difference, here the dependence on rrit is really small for 
large rrit values interval. 
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Figure 2: — sjf^* as a function of the top mass rnt- This quantity does not 



depend on the Higgs mass. 
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4. Conclusions 



Coming back to the title of the present paper, we should study eq. (|13|) in more 
details. From this equation (or looking at fig. |l|) one can see that, for mt = 170 GeV 
and rriH = 111 GeV, equals with high accuracy: 



mt = 170 GeV 
mff = lll GeV 



-0.00002. 



(31) 



Taken into account "theoretical" prediction: 



lopt^ _ 
^cff — 



0.2315, 



(32) 



which is valid for rrit = 170 GeV, itih = 111 GeV, and comparing (g|), (|31| ) with (|30D, 
we observe evident inconsistency. To overcome it small higher loop corrections 
in dl^ ) should be accounted for, in analogy with what was done in eqs. (23) and (|2^). 
One can act straightforwardly, taking into account corrections to polarization op- 
erators entering (|l^). Another possible way is to take expression for through 
s^fg* (eq. (16)) and to use in it expression for sjfg* through and higher order 



radiative corrections: 



cs,5""=n^z(m|) 
3a 



167r(c2-s2) 



{52Vr + SsVr + 64VR + , 



(33) 



where we take into account that in expression for s^Jj^* through radiative cor- 
rections are finite, so MS subtraction should not be imposed; expressions for SiVr 



can be found in @ and 



O TT 

SsVRit, ;i) = -14.594- 



- -4^(0) 



-hit 
6 



64VR{t,h) = 



( 



A 



3a 



IGtt (c^ — s^y^ 



(34) 

(35) 
(36) 
(37) 



where the expression for Vi is given in (|2q ) and expressions for Ai, Fi and A can 
be found in □ and 

Substituting eqs. (H), (H) and (||)-(|7l) into (H), taking into account eq. (H) and 
making numerical estimate, we get: 



5 {f - .s^) = 0.00042, 
■ - 0.00002 -f 0.00042 = 0.2315 



(38) 
(39) 



(—0.00002 comes from (|3l|)), which is quite close to (30) (taking into account the 



numerical value of s 



Icpt^ 
eft 



from 



\))- 
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Let us mention that in generalizations of Standard Model a lot of new heavy particles 
occur, and all of them contribute to due to the non-decoupling property of MS 
renormalization. To avoid this non-universality of MS quantities, it was suggested 
to subtract contributions of the particles with masses larger than from Ilj and 
li'yZ, a-iidin particular, to subtract the logarithmic term shown in ( pT[ ) from the 
P value liJ^El. According to the definition accepted in cl, the quantity P which has 
been discussed up to now is called s^p , while a new "decoupled" MS parameter 
is introduced: 

§1 = 4^ - ^ Q - 1.2^ In (^^) = 4d - 0.0002. (40) 

From ( p^ ) and (^), taken into account the latest precision data fit value s^g"* = 

0. 2315 ± 0.0002, we get: 

s| = 0.2312 ±0.0002, (41) 

where s| is uniquely defined both in the Standard Model and in its extensions 
(unlike s^). 
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